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Combustion Processes in Supersonic Flow

‘ Frederick S. Billig*
The Johns Hopkins University, Laurel, Maryland

Three general classes of models that describe the processes occurring in diabatic flow in ducts having supersonic
entry conditions are discussed. They are: integral techniques, finite-difference methods, and exact two-dimensional
planar flame models formulated on the basis of instantaneous heat release. All three methods rigorously satisfy the
conservation equations. The first two methods provide a basis for predicting and analyzing supersonic combustor
performance. The careful interpretation and judicious use of experimental observations are crucial for the successful
application of these methods. Comparisons of analytical and experimental results are presented, and generalized
parametric studies are included. The third method is based on an idealized mixing and combustion model that may
not be achievable, but nonetheless serves as a valuable analytical tool for explaining complex processes involving
shock waves and heat addition. Results from four types of flow structures are discussed.

Nomenclature

A =cross-sectional area

A; =projected area of inlet

= wall area

A, = projected area in axial direction
C, = skin-friction coefficient
h
M

w

= enthalpy
= Mach number
= pressure
g = dynamic pressure
Q,, = wall heat flux
r =radius )
= distance shock train extends into combustor (Fig. 1)
= length of the shock train (Fig. 1)
= temperature
= velocity
= axial distance (Fig. 1)
= altitude
= fuel irjection angle
= ratio of specific heats
= OPH turning angle (Fig. 10)
0, = shock-turning angle
¢ =constant in pressure area relationship [Eq. (1)]
n, = combustion efficiency
nxe = inlet kinetic energy efficiency
6 = OPH heater angle (Fig. 10)
0,, = shock angle
p = density
7, = wall sheafing stress

g
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Subscripts
b = conditions at exit of fuel injector
e = conditions at upstream end of 1D approach zone (Flg D

f* =throat conditions in fuel injector ( Fig. 1)

= conditions at point of separation in fuel injector (Flg. 1
= conditions at downstream end of shock train (Fig. 1)
= total

= freestream

= conditions upstream of OPH

= conditions downstream of OPH

= combustor entrance

= combustor exit
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Introduction

HE literature is abundant with discussions of techniques
'to analyze supersonic flows with heat addition. They vary
in complexity from simple one-dimensional constant area or
constant pressure processes (e.g., Ref. 1) to complex time-de-
pendent solutions of the Navier-Stokes equations, including
finite-rate chemiistry (e.g., Ref. 2). The former are generally
deficient because they neglect physical processes that lead to
first-order effects on the results, and the latter require enor-
mous computational resources that are excessive for design and
development efforts. Consequently, it is prudent to explore the
potential of techniques that include modeling based on experi-
mental results that can adequately describe the flowfield but
substantially reduce the computational effort. In particular, if
the effects of localized separated zones on the main flow can be
assessed without a rigorous solution of the flow within the
zones, then forward-marching instead of time-dependent solu-
tions can be made. Computational times can thereby be re-
duced by one to two orders of magnitude. The first section of
the present paper presents a method that meets this objective.
For more than 40 years, (e.g., Refs. 3 and 4) simplified exact
solutions for diabatic flows have been sought that could aid in
the understanding of the effects of heat release in compressible
flow. In Ref. 5, the concept of the oblique planar heater, an
exact solution for two-dimensional inviscid flow with heat re-
lease was introduced to help to describe the concept of thermal
compression that had been proposed by Ferri.® The last section
of the paper extends the modeling of Ref. 5 to provide direct
comparisons with results from the integral solutions.

Models for Integral and Finite-Difference Solutions

Figure 1 shows the general features of the flowfields upon
which development of the integral and finite-difference models
are based. Gaseous fuel is injected at either sonic or supersonic
conditions at angle f into a supersonic airstream. The blockage
due to combined effects of the injection and heat release gener-
ates a “shock train” disturbance which, in general, originates
upstream of the fuel injector ports and extends into the com-
bustor. At moderate combustor inlet Mach numbers M,, i.e.,
1.5-4, and typical fuel-air equivalence ratios, i.e., 0.5-1.0, the
pressure rise associated with the shock train is of sufficient
strength to separate the incoming boundary layer. In a well-
designed engine, an isolator is placed between combustor and
air inlet to prevent the combustion-induced disturbances from
disrupting the flow in the inlet. The length of the shock train is
defined as the length of the corresponding s-shaped pressure
rise and is given as S,. The distance that the shock train extends
into the combustor is S,. Empirical relationships for S, and S,
have been obtained from correlations of experimental data that
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will be summarized herein, As flight speed increases, M, corre-
spondingly increases and the strength of the pressure rise in the
shock train decreases and the separated zone may not be
present.

Downstream of the shock train, mixing and combustlon are
intensive, with large radial, axial, and perhaps circumferential
gradients in flow properties and chemical composition. This
region extends from station s to station e and i labeled *‘two-
or three-dimensional mixing and combustion zone.” Further
downstream, the mixing and combustion are less intense, and
the gradients are considerably weaker. This region extends
from station e to station 5 and is labeled “‘one-dimensional
approach zone.” In the integral models, the flow in this region
is approximated by one-dimensional mean-flow properties at
each ‘axial station. At this stage in development of the
finite-difference models, circumferential symmetry is assumed
and, therefore, regions s to e and e to 5 are indistinguishable.
Radial gradients in flow properties and composition are
typical but, in general, the gradients decrease as the combustor
exit is approached. The c¢ontrol boundary that forms the basis
for the integral models comprises the plane at station 4
upstream of the shock train, the throat of the injector, the
injector and combustor walls, and the combustor exit plane at
station 5. Flow properties on the end planes need not be
constant, but to simplify the discussion that follows, represen-
tative mean values of g, u, p, h, and T are taken at stations
4 and 5 together with the respective geometric duct areas. For
more rigorous analyses when gradients are present, mass-aver-
aged values are used in conjunction with a suitably defined
area that simultaneously satisfies continuity, energy and
mass-averaged total pressure.’

When used independently, both the integral and finite-differ-
ence methods for solution have deficiencies. However, if the
techmques are coupled by a unique procedure, these deficien-
cies can be virtually eliminated. The general features ‘of this
approach are shown in Fig. 2. The first step is to solve the
integral equations for given initial conditions and combustor
geometry to obtain the axial pressure distribution p(x) with
modeled values for wall shear z,,, and heat transfer Q,,, and an
assumed value for the combustion efficiency #.. Modeling of
the pressure distribution in the shock train, and on the base,
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together with the ¢ = C pressure-area distribution discussed
below in the one-dimensional approach zone, is inherent in the
entire method. With p(x) so defined, a simplified finite-differ-
ence calculation that avoids calculating flow in the separated
regions is made to obtain 7, 0,, and #, analytically. Inherent
to the finite-difference method are models for kinetic rates and
turbulent mixing. The integral solution is then repeated using
these values of 7,,, Q,;, and 7, to obtain a new p(x) and so forth.
The jteration ends when the flow area 4(x), obtained from the
finite-difference solution, agrees w1th the geometric area down-
stream of station s.

In principle, a finite-difference solutlon could be obtained
using the geometric 4(x), and thereby avoid depending on p(x)
from the integral method. In practice, the presence of the sepa-
rated zone would have to be accurately calculated, and the
simplifying assumptions that permit the use of the boundary
layer or parabolized forms of the Navier-Stokes equations
could not be made. The form of the conservation equations
would be elliptic and solutions would have to be obtained using
time-dependent techniques, References 2 and 9 describe rou-
tines for such techniques that require hours of CPU time on the
largest computers. Given the uncertainties that still remain in
adequately describing kinetic processes, their associated rate
constants, the transport properties, and the models for turbu-
lence, the simpler, far less expensive approach has considerable
merit. .

At present, solutions have been obtained that were based on
the assumption that radial and circumferential pressure gradi-
ents are negligible, thereby permitting use of the boundary
layer form of the conservation equations. Additionally, it is
more expeditious to first solve for the inviscid “core” flow in
the combustor, iterate for p(x), and then solve for the
boundary layer using edge conditions from the core flow and a
dense grid point spacing in the radial direction. Details of the
modelmg and calculational procedures are given in Refs. 10
and 11.

Typical results from Ref 10 for the combustion of Shelldyne
H fuel at equivalence ratio of 0.5 are shown in Fig. 3. The
shape of the double flame sheets and the computed A(x) are
shown for two combustor-entry conditions corresponding to
flight at Mach 4 at 37,000 ft and Mach 7 at 61,000 ft. Flame
sheets as contrasted to diffusive reaction zones are the result of
simplifying assumptions for kinetic rates in this exemplary
case. The computed A4(x) distributions in this dual-combustor
ramjet show that the separated zones extend into about 20% of
the combustor at both conditions.

The derived flow properties in the combustor-exit plane
provide initial conditions for a subsequent calculation of the
flow in the expansion nozzle. Note, however, that station 5 has
been somewhat arbitrarily defined in the case where a nozzle is
attached. To remove this ambiguity, a further step in the itera-
tive procedure is to redefine station 5 based on the condition
dT,/T, -0, which is determined from the finite-difference
solution.
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Use of the Integral Method for Design and Analysis

Whereas the sophistication of the coupled approach is re-
quired to yield an adequate description of the flow in the com-
bustor, there is considerable merit in using the integral method
independently to 1) assess experimental data when sufficient
measurements have been made to enable comparisons with
theory; 2) develop an understanding of the key interactive fea-
tures of the flow, viz., heat release and the shock train; 3)
provide preliminary design information, e.g., defining the isola-
tor requirements and combustor area ratio as a function of
initial conditions and level of heat release; and 4) provide en-
gine performance estimates wherein the modeled processes 7,,,
0., and 7, are treated parametrically. Accordingly, some addi-
tional discussion of the integral method follows.

The conservation equations written in integral form for the
general case depicted in Fig. 1 are given in Ref. 12. Evaluation
of the shear on the combustor wall and Q,, rely on empirical
correlations such as those given in Refs. 13 and 14. The exper-
imental base for these correlations comprises 12 combustor
geometries varying from 20-36 in. in length, numerous injector
configurations, gaseous hydrogen and liquid fuels for combus-
tors operating at simulated flight conditions of M, = 4-9. Scat-
ter of the data is about +20%. Although the form of the
correlations was intentionally chosen to be general, i.e., nor-
malized to the initial conditions, surface areas, driving en-
thalpies, etc., extrapolations to other initial conditions or
extensions to different geometries would have to be validated.
For well-designed combustors, wall shear and heat transfer
must be kept small; consequently, the influence of deviation
from the correlations is relatively small in the integral momen-
tum and energy balances. Shear on the surfaces of the fuel
injector is usually neglected, and the pressure distribution in
the supersonic portion of this nozzle is taken ecither as isen-
tropic throughout, or to the point where separation occurs. For
high p,/p, values, separation can occur, in which case the force
is obtained assuming p, acts on the affected area. Modeling for
the wall force in the region of the shock train from 4 to s for
simple axisymmetric configurations (Fig. 1) is presented in Ref.
15, and tests are currently being conducted at The Johns Hop-
kins University Applied Physics Laboratory to obtain data
correlations for other configurations.!® These tests will also
either verify the presently used assumption p, = p,, or provide
an alternate model. This leaves the evaluation of the integrals
for the wall force from s to 5, to reduce the conservation equa-
tions to an algebraic form. This is accomplished by adopting a
pressure area relationship, viz., p4¥*~ ! = C in the regions s to

e and e to 5.
The so-called “c =constant” model first suggested by
Crocco!” can be used in a variety of flowfield analyses. For

simple flows, viz., constant area, constant pressure, or constant
Mach number processes, wherein the one-dimensionality holds
throughout, ¢ has prescribed constant values of 1, 0, or —yM?2,
respectively. Integral solutions do not, in general, require that
the flow be unidimensional. Therefore, ¢ may be arbitrarily
defined, determined from experiments, or can be a derived
quantity from the solution of the equations. In this analysis
&, _ . is either assumed equal to ¢, _ s, or is obtained from mod-
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Fig. 3 Predicted duct contours and flame shapes for engine operating at
Mach 4 and 7 with ER =0.5.
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eling of heat release rates in this zone. An explanation of the
procedure is given in Ref. 7. The remaining integral in the
momentum equation can be expressed as:

J “pdd, =(1 -, 9lpsds —p.Al (1)

Xe

In solving the conservation equations in conjunction with
the appropriate state equations, ¢, _ 5 is not prescribed a priori,
nor is the value of the pressure rise in the shock train p,/p,.
Instead, the values of ¢, _ 5 and p,/p, are deduced by selecting
the particular integral solution that not only satisfies the
conservation equations but also meets the constraint
@pldA),_,=0p/oA),_,., as A— A5 and (dT,/T,) -0 for a
flow that is one-dimensional in the neighborhood of station 5.
This simply states that the slope of the pressure area relation- -
ship for a constant ¢ process at the combustor exit, where the
derivative of the total temperature approaches zero, should be
equal to the slope of an isentropic process. More rigorously,
the slope should match that of an adiabatic process that in-
cludes wall shear. However, if the shear terms are added, no
simple analytic relationship has been found, and indeed, when
typical experimental results are examined, the effects do not
significantly affect this constraint.

With this constraint, the condition

M5 - |: €e—s
g s+ ys(l—

= @

or

2
o sm (2b)
1+ (s — M3
must be met, and a unique solution for each heat release can be
obtained. That is, there is a specified shock train pressure rise
for a given heat release. This result represents an analogous
situation to the well-recognized choking point in Rayleigh
heating and Fanno friction processes. Reference 18 gave the
name “entropy limit” to solutions of the conservation equa-
tions that were so constrained. One caveat remains, viz., for the
low area ratio combustors and high heat release rates, solutions
to the equations would yield shock train pressure rises that
would exceed that of a normal shock. For those cases, the slope
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Fig. 4 Comparison of theoretical and experimental wall pressure distri-
butions in a conical combustor at M, =3.23.
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constraint is relaxed, the normal shock. pressure ratio is held,
and the combustor exit Mach number M is permitted to de-
crease. The limiting heat release for a combustor operating in
this mode corresponds to M5 = 1. Analysis of free-jet tests of
scramjet engines verifies this mode of engine operation.

Figure 4 shows a typical result comparing experimental mea-
surements with a solution of the integral equations. Wall pres-
sure measurements from direct connect tests of a scramjet
combustor are shown with the corresponding computed pres-
sure distribution. For these tests at M, = 3.23, the #, value used
in the integral solution was determined from calorimetric mea-
surements. More extensive comparisons of theory and experi-
ment are presented in Ref. 7.

Simplified Solutions for Ideal Gases

The idealized case of a calorically perfect gas with y = 1.4,
which neglects wall shear and heat transfer and considers the
mass and momentum contributions of the fuel to be negligible,
can be used to explain the dependence of the shock train pres-
sure rise on the amount of heat release. The explanation is
more lucid if the additional simplifications s, —s, =0, p, = p,,
&_.=¢&,_s=¢ are adopted.

Figure 5 shows a typical set of solutions for the case of
M, =2.5. The solid lines show the ps/p, values as a function of
the combustor area ratio for the entropy-limit solutions at se-
lected shock train pressure ratios of 1, 2, 4, 6, and 7.125. The
dashed curves for M, values of 1.0, 1.2, 1.4, 1.6, and 1.8 are
solutions that correspond to the normal shock pressure rise
p,/pa="1.125, but with the slope constraint at the combustor
exit relaxed. Superposed on these solutions are curves corre-
sponding to total temperature ratios of 1.5, 2, 3, 4, 5, and 6.
For all 45/4,> 1, ps<p,.

The distinction between solutions resulting from this model-
ing and those for flows that are constrained to be unidimen-
sional throughout is clearly evident for the particular case of
AsfA,=1. As shown in Fig. 5, the p,/p, =1, 2, and 4 curves
intersect the As/A4, =1 axis at ps/p, = 1, 2, and 4, respectively.
Upon closer examination it can be shown that for all values of
D,/p4 < 4.0625, ps = p,, whereas for all values of p,/p, > 4.0625,
there are no solutions at 45/4, = 1. It can be rigorously proved
that every combustor exit solution of ps/p, < 4.0625 corre-
sponds to an end-point state on the supersonic leg of a Ray-
leigh heating process, i.c., a one-dimensional frictionless heat
addition process in a constant area duct. Moreover, the M,
values are identical to those of the corresponding Rayleigh
heating process. However, from Eq. (1) the slope constraint at
station 5 requires ¢ > 1 for Ms> 1. From a physical stand-
point, this would imply that for all T, /T,, < 1.4083, the value
corresponding to p,/p, = 4.0625, M;= 1, shock trains having
strengths corresponding to single oblique waves would be
present and not the shock-free, all-supersonic Rayleigh pro-
cess. Note, too, that these results would also hold for cases
where the shock train extends into the duct as long as wall
friction is negligible. When wall friction is included, the same
qualitative features are present, but the values of ps/p, and
Ps/P4 shift for given values of T, /T,,. Also, note that as As/A4,
is increased slightly above 1 in the wall-shear-free case, solu-
tions for p,/p, up to the normal shock value at M, are possible,
but ps/p, is always < 4.0625. This may also be seen in Fig. 6
where p,/p., instead of ps/p,, is the ordinate.

Curves for constant T, /T,, values from 1.1-2.6 are given in
Fig. 6 as f(4s/A4,4, p,/p,) for solutions constrained by the slope
condition at the combustor exit. For values of T, /T,, <
1.4083, the curves intersect the As/A4, = 1.0 axis, and indeed
there are valid solutions for 4s5/4, <1, i.e., for combustors
with converging areas. The curves for T, /T,, > 1.4083 are
cusped at As/4,— 1, i.e., there are also solutions for 45/4, < 1,
and those T,/T,, curves also become asymptotic to the A/
Ay =1 axis. Overlaid on this grid are dashed curves for con-
stant M values of 1.1-2.5 and the corresponding values of ¢.
The entropy-limit solutions for p,/p, = 7.125 are limited to a
maximum 7, /T, =2.813 for combustors with As/A,<4.
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However, if the exit slope condition is relaxed and My is
permitted to equal unity, the maximum T, /T,, is 6.293 for
As/A, =4.

The rather abrupt increase in shock train pressure rise in low
area ratio combustors with small increases in total temperature
is depicted more clearly in Fig. 7. Curves of p,/p, as AT, ,/T,,)
for entropy-limit solutions are shown for selected values of
As/A4. For a combustor with 45/4,=1.1 and M, =2.5, in-
creasing T, /T,, from 1.432-1.542, a mere 7.7%, doubles p,/p,
from 3.56 to 7.125. On the other hand, for large area ratio
combustors, e.g., As/4,=4, the shock pressure rise varies
about linearly with T, /T,,.

Solutions for a Transatmospheric Accelerator

Figure 8 shows the effect of combustor area ratio on the total
pressure recovery in the heat-addition process. Curves for se-
lected values of T, /T,, between 1.1-3.0 are shown. Points
above the dashed line correspond to entropy-limit solutions
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and those below the dashed line are for shock trains with nor-
mal shock pressure ratios. Solutions are shown for M values
between 1-2.5. Entropy-limit solutions exist for M > 2.5, but,
as in Fig. 7, they are not included. Whereas larger values of
As/A, can accommodate higher heat-release rates, there is an
associated loss in total pressure recovery.

Additional assumptions, modeling, and definitions of engine
size and operating conditions are needed to proceed with calcu-
lations for engine performance. Here, it is necessary to aban-
don the simplifying assumption of y = 1.4, arbitrarily select a
set of flight conditions, and use an appropriate equation of
state throughout the engine cycle. In this exemplary case of a
vehicle capable of flight from M, = 3-25, a trajectory having a
constant dynamic pressure of g, = 1000 1b/ft? is adopted. Con-
siderable attention must be given to the selection of a model for
the inlet compression process. In previous studies, e.g., Ref. 7,
empirical relationships between M,/M, and kinetic energy
efficiency, defined as

. ht4 — h4 3
NkE hzo by 3
were assumed. Whereas the modeling is adequate for the fixed-
geometry engine studied therein, it would lead to anomalous
operation for the variable-geometry inlet that would be re-
quired for a M, = 3-25 ramjet.

For a variable-geometry inlet, the inlet contraction ratio
Ay/A, is adjusted within limits to provide a more optimal en-
gine cycle. Examination of available test data and numerous
inlet flowfield calculations suggest the following empirical rela-
tionship:

A
1—42 = —3.7+2.3M,—0.038M?2 @
4

The corresponding inlet compression ratio p,/p, is obtained
from an empirical relationship for the mean Mach number,
viz.,

M, =0.43 + 0.38M, — 0.0051 M3 (5)

Table 1 lists flow properties at stations 0 and 4 for selected
values of M, for adiabatic compressions. The values of 4,/4,
from Eq. (4) vary from 2.858 at M, =3 to 30.05 at M, =25,
i.e., by a factor of 10.51. The required change in geometry

Combustor area ratio, Ag/Ay

1.01.11.21.3 1.4 1516 1.8 2.0 2.2 24 26 3.0 3.5 4.0
: SN NV S

=

[=>]
T

[$;]
T

ey
T

w

Entropy limit solutions -

N

Shock train pressure rise, pg/p4

—_

1

0 I L 1 L 1 I L 1 5
1.0 1.2 14 16 18 20 22 24 26 28 29
Total temperature ratio, Tt5/Tt4

Fig. 7 Shock train pressure rise as function of heat release (M, = 2.50,
y=14,1,=0).
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would be significantly less for inlets that comprise external and
internal compression due to inlet spillover. For example, if the
spillover characteristics of the inlet were similar to that of a
5 deg half-angle conical inlet with shock-on-lip at M, = 25, the
inlet capture ratio 4,/4; would be 0.314 at M, = 3, thus, the
required geometric variation would be reduced to
10.51 x 0.314 = 3.30. On the other hand, an all-internal con-
tracting inlet would have to provide a full 10.51 to 1 area
variation. Since A,/4;is dependent on the geometry of a partic-
ular engine, flight conditions, and angle of attack of the vehicle,
rigorous solutions of the flowfield and/or testing is required for
specification. Simple linear relationships, e.g.,

Ay M,
Lo-1-01{8-=2
4, < 3> (6)

can generally be used for preliminary design studies. Equation
(6) would be approximate for the external-internal compres-
sion inlet in the exemplary case discussed herein for
3< My <24, and 4y/4, =1 for M, > 24. The pressure ahead
of the shock train varies by less than a factor of two over the
entire range in M,,. However, temperatures rise monotonically
with M, reaching the level where dissociation would occur at
M, > 15. The deduced values of 7x; show a minimum at
M, =6-7, and peak values at M, = 20. This somewhat irregu-
lar behavior in 7z is the cause for difficulty in empirical mod-
eling of ngz Although these calculations are for an inlet
without heat losses—an atypical situation—the changes in p,
and T, are quite small with heat loss. For example, at M, = 20
with a 1% loss in total enthalpy, i.e., 92 Btu/lb,,, p, decreases
to 7.39 psia and T, decreases to 4742°R. The change in deduced
Nk, which is only an index and does not enter into the cycle
calculation per se, is significant. With heat loss, #4; drops to
0.9680 at this flight condition.

For the exemplary case, hydrogen fuel is injected tangen-
tially (8 =0) with a total temperature of 2000°R at
M} =M, =1, and p} = p, = p,. Combustor shear was mod-
eled at CeA,,/A4,=0.02=1,/9,A, and, as before, §;=S,;
&,_, =&, _s. Results of the combustor calculations are summa-
rized in Fig. 9. Combustor-inlet Mach number is the linear
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Fig. 8 Total pressure losses for selected heat release rates (M, = 2.50,
y=14,1,=0).
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Table 1 Conditions in freestream and combustor inlet for adiabatic compression (g, = 1000 1b/ft?)

Freesteam conditions

Combustor inlet conditions

Zy, Py, To, P, T,

M, KFT psia °R M, Ao/As psia °R NkE
3 59.0 1.102 390.0 1.524 2.858 8.67 752 0.9637
4 71.0 6.200! 392.8 1.868 4.892 10.38 980 0.9624
S 80.5 3.968! 398.0 2.203 6.850 11.01 1224 0.9578
6 88.4 2.756! 402.2 2.526 8.732 11.15 1467 0.9570
7 95.1 2.025°! 405.9 2.840 10.538 11.07 1705 0.9585

10 110.9 9.921—2 419.7 3.720 15.500 10.20 2408 0.9656

15 129.9 4.409-2 448.5 4.983 22.250 8.74 3617 0.9738

20 144.1 2.4802 470.1 5.990 27.100 7.56 4824 0.9762

25 155.7 1.587—2 487.2 6.743 30.050 6.55 5822 0.9719

scale on the abscissa which, from Eq. (5), leads to the nonlinear
M, scale that is also shown. The solid curves for As/A,, ps/ps,
and p, correspond to the minimum possible area ratio combus-
tor for the respective ER and M,, i.e., Ms= 1. Minimum com-
bustor area ratios decrease rapidly from 2.09 to ER = 0.25
and 4.10 at ER =1 for M, =1.524 (M, =3) to A;/A,=1 at
M, =2.34 (M, =5.42) for ER =0.25 and M4 =3.00(M, = 7.52)
for ER = 1. For all of these processes, the shock train pressure
rise is equivalent to a normal shock that leads to the increasing
Pps/p4 values and p; levels as M, increases on a constant-g,
trajectory. All of these solutions also have M; = 1. Once the
As/A, =1 condition is reached, the shock train pressure rises
correspond to equivalent oblique-shock compressions that
weaken rapidly with increasing M,,. All of these solutions are
at the respective ‘‘entropy limits.”” Performance at high M,
would decrease to unacceptably low values if As/A4, were
permitted to go much above 1. Thus, from Fig. 9a it is
apparent that a combustor designed to operate over the entire
M, range would require variable 45/4,. Moreover, 4, must
vary, thus, variable geometry is needed. However, the amount
of geometric variation can be significantly reduced by a com-
bustor design that comprises a constant-area section followed
by a divergent section. At high M,, fuel is injected in the up-
stream end of the constant-area section, and sufficient length is
provided to add all of the heat prior to entering the divergent
section. At low M,, some fuel is injected in the constant-area
section, and the remainder is injected in the divergent portion.
Note, however, that at low M|, the amount of heat that can be
added in the constant-area section is quite small, as evidenced
by the ER =0.25 curve in Fig. 9a. In fact, at M;=4
(M, = 1.87) the maximum ER to prevent choking in the con-
stant-area section is 0.059.

Although the minimum A4s/A4, yields the maximum engine
performance, it may not lead to the optimal design, since the
combustor structure would have to be designed to withstand
the maximum p,. Moreover, the corresponding maximum
value of p,/p, could lead to excessive isolator requirements to
avoid combustor-inlet interactions. Consequently, a better
overall design strategy may be to limit the maximum p, and
accept somewhat lower performance. The dashed curves in Fig.
9 correspond to such a design approach wherein p, is limited to
50 psia. For clarity, only the ER = 0.5 curves are shown. To
reduce p, to 50 psia at ER = 0.5 would require the increase in
As/A, shown in Fig. 9a. All of these solutions would corre-
spond to entropy-limit cases with M5 > 1. Increasing As/A4, at
a given ER has very little effect on engine specific impulse
because the increased loss in total pressure in the combustor is
compensated by a corresponding decreased loss in the precom-
bustion shock train. This was also evident in the y = 1.4 results
as indicated by the nearly constant values of p, /p,, shown in
Fig. 8 for constant values of T, /T,, near the entropy limit.

Reducing ER is the only practical method for reducing p, at
low M,. For example, at M, =5, to lower p, from the normal
shock value of 59.9 psia to 50 psia, but maintaining ER =1,
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Fig. 9 Combustor geometry and shock train pressure rise
(90 = 1000 Ib /ft).

would require an increase in As/A4, from 1.85 to 12.0. By reduc-
ing ER, the A5/ A, values that correspond to ER’s of 0.75, 0.50,
and 0.25 are 5.48, 2.48, and 1.28, respectively.

The large changes in p, that result from small changes in
As/A, for near-constant-area combustors suggest that consid-
erable attention must be paid to engine control. Fortunately,
the pressure can be measured accurately, and the required dy-
namic range of less than a factor of 10 for the constant-g,
trajectory is well within the capability of most sensors. On the
other hand, to obtain the desired 45/4, will require extremely
clever concepts for staged fuel injection.

More extensive discussion of the application of the integral
technique for the estimation of engine performance and evalu-
ation of experimental results are given in Refs. 7 and 13.
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Planar Heat Release

The concept of an obhque planar heater (OPH) as a method
for modeling heat release in supersonic flow is more readily
understood with the help of Fig. 10. An OPH is defined as an
infinitesimally thin planar flame front in which heat is added
and the velocity vector is changed. In principle, both the
“weak” OPH, in which the planar heater angle 6, with respect
to the upstream velocity vector uy, is less than the upstream
Mach angle u = arc sin(1/M,), and the “strong”” OPH (0 > p),
are conceptually possible. For the weak OPH, u, , is subsonic
and u,, is either subsonic or sonic. For the strong OPH, u, is
supersonic, a positive turning of the flow (counterclockwise in
Fig. 10) is required, and u,, is either supersonic or sonic. To
avoid a converging combustor, the strong OPH must be cou-
pled with a centered isentropic expansion or a weak OPH, or
with some combination of the two. Converging combustors are
not presented in this paper because the maximum engine con-
traction ratio has been governed by the inlet, i.e., by 4o/A4,, not
Ao/ As for which it can be shown leads to higher engine perfor-
mance.

For an ideal gas, the following governing equations hold for
the OPH: ‘

tan(0 + 0) = (1 +yM7sin®0)/(1 + y)M7 sind cosd N

palpy = (1 +y M3 sin’0) /[ 1 + yM3 sin*(@ + 9)] (8
and

T,/T, = (p2lpy) 2M3 sin®(0 + 8)/M? sin%0 9)

where the p’s and T°s ‘are static pressures and temperatures
upstream (subscript 1) and downstream (subscript 2) of the
OPH. In this discussion, the further restriction of the so-called
“oblique Chapman-Jouget condition”!® will also be met, i-€.,
the normal component of the Mach number downstream of the
OPH [M, sin(8 + &)] will be set equal to one.

If the question of the practicality of the mechanism for in-
jecting and mixing fuel in such a manner to instantaneously
react along a planar surface (often referred to as a “flame
sheet””) is begged, then intereésting combinations of weak
OPH’s and oblique waves can be constructed, all rigorously
satisfying the conservation equations. Figure 11 shows four
models, each of which returns the velocity vector to its initial
direction in the combustor-exit plane.

The wave structures and wall shapes for all cases correspond
to solutions for total femperature ratios 7,./T,, =1.3 with
M,=2.5 and y = 1.4, in order that direct comparisons can be
made with the results shown in Figs. 6-8. The height of the
duct at station 4 was selected to permit the sketches to be about
the same overall size. Had they all been drawn for the same 4,,
cases b and d would be relatively much smaller. In Fig. 11a, the
first weak OPH turns the flow 10.82 deg (9 = 12.92 deg) away
from the axis; then, at the point where the weak OPH strikes
the axis, a second weak OPH returns the flow to its initial
direction. In Fig. 11b, an oblique shock turns the flow
17.46 deg away from the axis and a weak OPH emanating from
the same point on the axis turns the flow parallel to the lower
surface. This model is particularly interesting for two reasons.
It closely approximates the integral model, and, in fact, solu-
tions for the two models differ only by the small change in wall
force. Moreover, when the precombustion shock reaches its
maximum strength (d,, — 0, 8,, — 90 deg), the model is equiva-
lent to a standing normal detonation wave. In Fig. 11c, a weak
OPH emanating from the top wall turns the flow 15.66 deg
(0 =10.26 deg) outboard. The point where this weak OPH
strikes the axis serves as the focal point of a Prandtl-Meyer
expansion that turns the flow back through the 15.66 deg. Fig-
ure 11d shows a strong OPH (6 = 10.24 deg, 6 = 63.91 deg),
followed by a centered Prandtl-Meyer expansion emanating
from the same point on the axis. For all cases, the geometry
and wave structure would change for different values of M, or
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Figure 12 summarizes results for the four types of processes
as a function of 7, /T, for M, = 2.5. The weak OPH followed
by the isentropic expansmn (s = ¢) process (case c) requlres the
largest As/A, that leads to the lowést ps/ps for a given T, /T, .
The double OPH process (case a) requires about 65% of the
As/A4 of case ¢ and has a-correspondingly higher ps/p,. All
solutions for the other two cases turn out to be close to con-
stant-area processes. The two branches of solutions for case b
correspond to the weak and strong solutions for thé oblique
shock, and in the limit of a normal shock, the solutions for
cases ¢ and d coincide. Whereas solutions exist for arbxtranly
large values of T, /T, for a-and c, cases b and d have maximum
pos51ble heat release rates For cases b, the maximum value of

T,/T,,= 1.71 corresponds to the maximum turning angle of
the oblique shock, viz:, 8, =29.80 deg, 0, = 64.78 deg for

M,=2.5. For 6, > 62. 65 deg, the Mach number ‘behind the
shock is subsomc

The turning angles shown for case a are the sums of the two
OPH’s which, for a given T, /T, exceeds the turning in any of
the other models. For cases b, c, and d, the turning angles
shown do not include either the shock or the 1sentrop1c turn.
Solutions for case d show that there is a maximum turning
angle for strong OPH’s, § =10.76 deg, 6 = 56.85deg for
M, = 2.5, which is analogous to the maximum turning for
oblique shocks. The near constant area processes (cases b and
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Fig. 11 Schematic illustrations of planar flame models.
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d) have the highest total pressure ratios, p,./p,,, for a given

1,/T,,, with the weak shock solutions for case ¢ having the
highest values. The values of P./p,, for the “weak” shock leg
of case b are about the same.as those shown in Fig. 8 for the
integral model for T, /T, < 1.2. For higher values of T, /T,
the p, ,/P,, values for case ¢ are about 5-10% higher. Note that
for values of T, /T,, > 1.71, the models for the integral analy-
sis would have hlgher p,:_'/p,4 than those for cases a and c.

Concluding Remarks

The capability of the coupled integral and finite- dlﬁ'erence
solution to describe many of the flow properties in supersonic
diabatic flow lies in the judicious selection of boundary condi-
tions. This is not atypical of many problems in fluid mecharics.
Complex internal flows are generally characterized by regions
of separated flow that are difficult to define accurately. Conse-
quently, techniques, such as used herein, which suppress the
dependence of the solution on an accurate definition of the
separated zone can enjoy considerable success.

J. PROPULSION

Physical situations wherein the planar flame models would
be closely approximated are difficult to postulate. Nevertheless,
the variety of combinations of shocks and OPH’s provides
considerable insight into the interplay of shocks, expansions,
and heat addition.
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